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Abstract — Risk can be measured as the degree of uncertainty 

associated with estimating a future price. It is quantified by the 

variation in the price about an expected value. This variation is 

sampled over a moving window of a fixed number of samples as 

opposed to over a fixed interval in time, improving estimates by 

better accounting for the time dependence in the variation that 

results from variations in the activity level in the trading. This 

technique provides the means to distinguish between systematic 

and specific risks from the joint distribution of the local variation 

measured on instruments suitably chosen to represent the market 

and an organization. The optimal tradeoff between the risk and 

return of a portfolio of instruments is modeled as the rate of 

change in its risk with respect to its return.  Stationary points in 

this rate of change corresponds to the solution that minimizes risk 

with respect to return or equivalently maximizes return with 

respect to risk. The mean and variance are decoupled with respect 

to the portfolio weights at this point providing the means to 

identify the optimal capital allocation that maximizes portfolio 

return to risk. In another contribution, the profit or loss associated 

with an instrument and of a portfolio is quantified in relation to its 

probability. The risk in this case quantifies the likelihood of 

observing a particular level of profit or loss measured at the end 

of a time interval. The prices are modeled by estimating the 

random process underlying and simulations performed to forecast 

future paths for the prices in ways that conform to the original 

process. In this model, the expected change in prices that 

determine the profit or loss an interval apart is estimated as the 

expectation of a sum of random variables. The variance of this 

price difference then scales with the number of prices or random 

variables in the interval and is more representative of the observed 

time dependence in the volatility. This model is consistent with a 

random walk where each change in price is unpredictable, but the 

expected future value and the uncertainty around it is better 

estimated. 

Keywords— risk; optimum portfolio; random walk; volatility;  

I. INTRODUCTION 

The risk associated with an instrument influences the investment 
strategy followed in relation to that asset including its price. Risk 
is a measure of the uncertainty associated with estimating a 
future price and quantified by its variation about an expected 
value. Forecasts of such expectations and risk forms the basis of 
a prudent investment strategy.  

Macroeconomic factors related to production, exports, 
employment, and monetary policy impact the capital market in 
ways that can be modeled. The impact of such factors on the 
businesses depend on the operating environment and on the 
sensitivity of each company to such exposure. 

Incomplete information relating to all factors that affect the 
performance of a company and future expectations associated 
with such performance makes estimates of future prices of its 
shares a challenging task. The random nature associated with 
prices and price movements is thus related to the dynamic 
economic environment and the ways in which each organization 
addresses the impact of such changes. 

Many models therefore assume that prices reflect all publicly 
available information, an assumption that forms the basis of the 
efficient market hypothesis. Prices in this context are modeled 
as the result of random processes where the parameters that 
govern the models are estimated from historical data. It is also 
common to model the expectation and the risk associated with 
price movements as random processes that are correlated. The 
randomness is usually assumed to conform to a Brownian 
motion with mean zero and a variance that scales with the 
interval of time over which the price movement is estimated [2]. 

Portfolios can be created that take advantage of how each 
company performs with respect to changes in the business 
environment. Thus, a diversified portfolio is better placed to 
deliver more consistent returns than one that is composed of 
stocks that return performance that is correlated. A suitable 
strategy then is to select a collection of securities that feature 
performance that is both correlated and uncorrelated. 

Thus the selection of a suitable combination of stocks and the 
investment in each depends on the performance of each stock 
and the relationship of its performance to the other stocks in the 
portfolio. The risk and return associated with each individual 
stock and its relationship to the other stocks determines how the 
portfolio performs in relation to its risk and return.  

A new model for price is developed where both the risk and 
return given by the variance and mean of a difference in prices 
an interval apart is more consistent and estimated from a single 
random process underlying the prices. This model is also 
consistent with the currently accepted view of an auto regressive 
integrated moving average (ARIMA) of prices and an 
autoregressive model of first differences in the price. The AR 
model of price differences is also largely equivalent to a 
weighted average of first differences in estimating future prices. 

With each estimate of future value, the potential profit or loss 
can be calculated to determine the degree of the success of an 
investment strategy made in relation to a single security or with 
respect to a portfolio of stocks. This tradeoff between the 
expected profits or losses and the risk associated with such a 
combination of risk and reward provides the means for an 
optimal allocation of capital among the assets.   
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II. RISK 

Risk is thus a measure of the uncertainty associated with 
estimating a future quantity. This degree of uncertainty is 
measured with respect to the expected variation in the price of a 
security about its mean. This variance is also variable and varies 
over time as does the mean. This time varying mean and 
variance associated with the price of a security contributes to the 
difficulty in forecasting its future trajectory. 

In this regard, the uncertainty in the estimate grows with the time 
horizon over which the forecast is made with greater uncertainty 
or higher levels of risk associated with forecasts further in to the 
future. Historical prices offer an opportunity to observe and 
quantify the time varying mean and variance. Models built to 
forecast prices take in to account historical behavior to calibrate 
model parameters in such a way that the model so estimated can 
be used to forecast future prices. For the forecasts to be accurate, 
the model should be calibrated over historical periods that are 
expected to represent conditions expected in the future.  

A change in the variation in the price is indicative of a change in 
the way the instrument is traded. In uncertain times, market 
participants may not have equal access to the information 
required to make an accurate assessment of future expectations 
related to an investment in that instrument. This asymmetry in 
information among the participants leads to a greater uncertainty 
in the demand and supply for it leading to a change in the way 
that it is traded. This change in the pattern of trading from that 
which has been observed historically leads to a change in the 
variation in the traded price. 

Thus, traders that trade against the trend in the market may also 
possess information that is not widely available, the results of 
which may correlate with significant movements in prices in the 
market for that instrument observed later. Individual trading 
patterns of market participants may also lead to insights in to 
how they compare with the overall trends in the market. 
Significant deviations in the pattern of trading behavior in 
relation to the rest of the participants may also provide insights 
into the asymmetry of information among the participants. 

Unusual changes in the variation in prices or its volatility 
indicates a major change to the factors that influence the price of 
an instrument and outliers in this quantity may be used to detect 
events that are also unusual. 

 

A. Risk as measure of the variation in prices  

The variation in the prices 𝑃𝑛, where 𝑃𝑛 is the price at time “n”, 
the variation in the difference in prices and the variation in the 
ratio of consecutive samples of the prices or the returns are some 
measures used to quantify risk. These measures are computed on 
historical prices and the validity of these results in forecasting 
future quantities depend on the suitability of the period over 
which the statistics are estimated in predicting future values.  

Forecasts are statistically reliable when the historical 
distributions are derived over time periods that are 
representative of the time period for which the forecast is made. 
Ideally, the historical distributions and the distribution 
corresponding to the future period should be equivalent. 

 

The returns (𝑅𝑛) are defined as the time series given by equation 
(1) 

 

                             (1) 

 

The rate of return (𝑅𝑅𝑛) is defined as the time series given by 
equation (2) 

 

𝑅𝑅𝑛 =
(𝑃𝑛−𝑃𝑛−1)

𝑃𝑛−1
             (2) 

 

The prices, returns and the rate of return can be measured over a 
sliding window of a certain length and the local mean and 
variance sampled. The distribution of these samples provides a 
measure of how the time series of prices evolved. This 
distribution is a way to quantify the likelihood of observing a 
certain deviation in the prices and its behavior. 

This distribution of historical price variations is a guide to what 
kind of variations may be expected in the future provided that 
future prices behave in a way that is consistent with historical 
prices. The correlation in time is not captured in the distribution. 

 

B. Risk as a measure of the variation in forecasted prices  

In this view, future prices are forecasted as a function of the 

price movements observed in the past. The movements are 

estimated from historical data and then used to predict the 

movements expected in the future. 

 

In this case the price movements are modelled as a random walk 

where each incremental step is independent of the previous 

steps as defined by equations (3) and (4). In such a model the 

distribution of the incremental step “𝑋𝑛+1” may be estimated 

from historical prices 𝑃𝑛. 

 

 

                                                                                           (3) 

 

This incremental step is a random variable with a distribution 

that depends on the historical prices. The difference in prices 

several trades apart is thus a sum of such independent random 

variables.             
 

                                                                                           (4) 

 

 

 

The expected value of the difference between two consecutive 

prices and its variance is given by equations (5) and (6) 

respectively. 

𝑃𝑛+1 = 𝑃𝑛 + 𝑋𝑛+1 

𝑃𝑛+𝑁 − 𝑃𝑛 = ∑ 𝑋𝑛+𝑖

𝑁

𝑖=1

 

𝑅𝑛 =
𝑃𝑛

𝑃𝑛−1
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                                                                                                (5) 

 

 

                                                                                           (6) 

 

 

The expected value and the variance of a change in prices 

between two point’s N prices apart in the time series of prices 

is given by equations (7) and (8) respectively. 

 

 

                                                                                           (7) 

 

 

 

                            (8) 

 

 
The expectation should be computed over an interval of time that 
is representative of the period over which the forecast is made. 
Over short intervals when N is relatively small the forecasted 
difference in price may also be calculated as a weighted average 
of past differences in the prices. 

We may also consider scenarios where the changes in price are 
correlated, a model that deviates from a strict random walk. In 
such a case the covariance’s between each pair of random 
variables in the sum also contributes to the variance.  

 

C. Results relating variation in prices to risk 

 

a. Risks corresponding to variation in prices 

Variation in prices associated with historical events significant 
in the market are presented to illustrate the way in which the 
prices moved at the time and the duration of the impact. The 
variation in the mean and the variance over time may be 
observed by calculating the mean and variance over a sliding 
window of length N = 30 samples with overlap N-1. The time 
varying mean and variance of the price of oil is depicted in 
Figures (3) and (5). Figures (1) and (2) present two time series 
of the prices of Oil and of Shell where outliers associated with 
the change in prices are evident and where the changes in the 
price are in some cases correlated. 

Those events that impact the oil industry also impact Shell and 
is reflected in its share price and are systematic risks that are not 
specific to a particular company. The impact of the Corona Virus 
in the first quarter of 2020 and the general slowing of the 
demand for oil over 2014, and lower oil prices in January 2016 
are impacts that were also felt in the share price of Shell. 

A higher level of confidence about future conditions would lead 
to fewer options by which to allocate resources in an optimal 
way. The traded prices would reflect this confidence and fewer 
alternatives and therefore exhibit lower variation. In situations 

where confidence about future conditions is low, the optimal 
allocation of resources would pose a problem as to which 
strategy to employ. In such situations, the prices would also 
reflect this lack of confidence leading to greater variation in the 
traded price, as numerous options would be explored in search 
of an optimal solution resulting in increased volatility. 

  

b. Information and its impact on risk  

Information relating to future demand and supply is generally 
communicated via news and is usually estimated on knowledge 
of the industry. The concept of market efficiency employs this 
idea in attributing prices and the changes in prices to publicly 
available information. 

 

Fig. 1. Commodity prices and risk –  vairation in Oil prices 

In an efficient market therefore all players are expected to have 
equal access to information and would not be able to profit from 
confidential information that could influence prices. In practice 
however the existence of information asymmetry and the ability 
with which individual players manage this information leads to 
an opportunity to profit from the uncertainty surrounding future 
conditions.  

In this context, the information content of news as it impacts the 
market also a plays a role in how individual players react to news 
about changing conditions. The sentiment conveyed by news 
also plays a part in determining how the market reacts. 

The impact of economic and political conditions that influence 
the price of oil are also seen to impact the shares of Shell in a 
largely similar way. Higher profits mid 2014 are non-systematic 
risks specific to the Shell Company that move its prices 
significantly. 

𝐸(𝑃𝑛 − 𝑃𝑛−1) = 𝐸(𝑋𝑛) = 𝜇𝑥 

𝑉𝑎𝑟(𝑃𝑛 − 𝑃𝑛−1) = 𝑉𝑎𝑟(𝑋𝑛) = 𝜎𝑥
2 

𝐸(𝑃𝑛+𝑁 − 𝑃𝑛) = ∑𝐸(𝑋𝑛+𝑖)

𝑁

𝑖=1

= 𝑁𝜇𝑥 

𝑉𝑎𝑟(𝑃𝑛+𝑁 − 𝑃𝑛) = ∑ 𝑉𝑎𝑟(𝑋𝑛+𝑖)
𝑁
𝑖=1 = 𝑁𝜎𝑥

2       
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Fig. 2. Share prices and risk – Shell Plc 

In this context the degree of the variation in the prices and the 
duration over which the variation persists is an indication of the 
severity of the risk associated with a market impacting event. 
Thus, events that have no precedence are more likely to result in 
greater uncertainty and cause greater variations. 

 

c. Local mean as a local trend  

The sampled local mean of the prices is a smoothed 
representation of the original time series that can be used to 
assess the short-term trend in the prices or its average behavior 
over the near term. This average behavior does not display the 
variations about the local mean or the short term risks about the 
general direction in which the prices are moving in the short 
term.  

From Figures 3 and 4 it is observed that the variation in the short-
term trend in the price of oil is also reflected in short term 
average time behavior in the share price of Shell. Larger risks 
asociated with changes to the trend over longer time horzons are 
also evident as with the imapcts felt 2014 – 2016. 

 Thus, risks may be analyzed in relation to the duration of each 
impact and by the duration over which the variations that result 
from such risks are observed. Variations in the trend correspond 
to larger risks that persist over longer time horizons and 
variation about the trend evidence of smaller risks persisting 
over shorter periods. 

 

 

 

Fig. 3. Time varying mean of Oil prices 

 

Fig. 4. Time varying mean of Shell share prices 

d. Variance as a measure of information 

In the dicipline of Information Theory it is commonly held that 
the variation in a quantity is also a measure of the information 
contained in that variable [3]. Greater is the degree of its 
variation greater is the information contained in it. Information 
in this regard conveys something unexpected relating to a 
quantity and is a measure of the uncertainty surrounding that 
quantity. Thus a quantity that is constant or does not vary over 
time does not convey any information as the future behavior in 
relation to that quantity is the same as in the present.  

The persistence of the impact of a particular piece of news on 
the market may be measured by the degree to which the market 
changed and the period over which this change persists. 
Volatility is one such indicator where certain market impacting 
news creates variations in the market and its persistence would 
depend on the ability to manage future expectations that changed 
with the impact of that news or information. 
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e. Time dependence of risk  

The variation in prices of the output would influence the 
profitability of an individual firm as those factors that influence 
the price of the output would also be felt in the price of its share. 
Thus, the uncertainty in the prices of its output would also be 
reflected in the uncertainty in the price of its share. 

Thus changes that are expected and the impacts of which can be 
estimated acccurately do not pose risks as investors are able to 
plan and account for them. In such cases, large changes in prices 
or quantities do not necessarily signify risks, as the way in which 
the instrument is traded would exhibit a certain level of 
confidence about future expectations. When such expectations 
are less certain, the way in which an instrumnet is traded would 
also exhibit that loss in confidence and greater uncertainty about 
the future through a higher variation in the traded price. 

Thus changes that impact over shorter time horizons are more 
likely to give rise to greater uncertainty in the response to it 
leading to potentaially larger risks and higher volatility. It is 
ultimately a reflection of the ablity to correctly estimate, 
quantify and manage those expected changes that give rise to 
risk. 

 

f. Risks associated with market impacting events  

Through these analyses it is shown that systenatic risks that 
impact the price of oil and a company within that industry and 
those other specific risks that impact only a company can be 
distinguished by the varation and the changes in the variation in 
traded prices. 

 

 

Fig. 5. Time varying variance and outliers  - Oil prices 

 

Fig. 6. Time varying variance and outliers – share prices Shell Plc. 

Figures 5 and 6 depict correlation in the variations in the prices 
of oil and of Shell that result from market impacting events. 

 

g. Risks detected via outliers in the variation in prices  

Outliers with respect to the variation in prices can be detected 
through a probability distribution or a histogram of that quantity 
as depicted in Figures 7 amd 8. Outliers in variation are 
indicative of the outliers in the change in the behavior of the 
prices or in the way in which the instrument was traded.  

They correspond to unusual events that impacted the way in 
which the quantity was traded and is evidence of a lower 
confidence among investors in estimating and managing future 
expectations in relation to its demand and supply. 

 

 

Fig. 7. Distribution in sampled variance variance – Oil 
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Fig. 8. Distribution in sampled variance – share prices Shell Plc 

Outliers in Figures 7 and 8 are detected with respect to the 
Corona Virus of early 2020 and to the impact of the price decline 
associated with shale Oil contribution to increased supply at a 
time of lower demand during 2014 – 2016. 

h. Volatility Clustering – variation in prices 

The persistence in the magnitude of the change in the variation 
(in USD) of prices is termed volatility clustering and is evident 
in the plots of volatility estimated over consecutive time periods 
depicted in Figures 9 and 10. 

Thus it is observed that small variations are associated with 
smaller variations and that larger variations could lead to large 
variations. Smaller variations are more likely and larger 
variations less so providing evidence that lower risks are more 
likely than higher risks. 

 

 

Fig. 9. Sampled variance on prices – Oil 

 

Fig. 10. Sampled variance on prices – Shell 

The likelihood of a change in the behavior of the prices and its 
likely impact may be gauged by these plots.  As the plots 
indicate, the large variation of larger impacts associated with 
larger risks are less likely while smaller risks associated with 
smaller impacts are more common. 

The relative densities and the relative positions in the samples 
depicted in the two figures indicate the degree to which the 
volatilities cluster and the degree to which the measured  
variances are dispersed. 

 

i. Risks: Systematic and Specific  

 

Table 1 Correlation in risks systematic and specific 

Shell 
Joint Frequency Distribution of  

Local Variance  
 

27  -  <  30 0 0 0 0 2 
 

24  -  <  27 0 0 0 1 4 
 

21  -  <  24 0 0 0 2 1 
 

18  -  <  21 0 0 1 1 1 
 

15  -  <  18 0 1 1 0 1 
 

12  -  <  15 0 2 0 0 1 
 

9  -   <   12 3 1 0 1 0 
 

6  -   <   9 0 1 0 2 0 
 

3  -   <   6 107 18 3 0 0 
 

0  -    <  3 2174 123 30 4 0 
 

  0 - < 4 4 - < 8 8 - < 12  12 - < 16  16 - < 20  Oil 

 

The joint variation in the prices of Oil and the shares of Shell are 
presented in Figure 11 to illustrate that some variations are 
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common to both quantities. It presents the likelihood of 
observing variations in the prices of Oil and the shares of Shell 
that are correlated. It is also another representation of the joint 
behavior of the two quantities and how they are traded 
depending on the future expectations of the market. It also a 
method to classify systematic and specific risks according to 
joint probability. 

This joint variation is also captured in a two-dimensional 
histogram depicted in Table 1 that quantifies each measurement 
of the joint variation and its likelihood. 

The impact of Oil industry risks on the shares of Shell are 
evident by the outliers in the variations in the prices of both Oil 
industry and Shell Plc particularly in the top right-hand corner 
of Figure 11. The cluster near the origin is evidence of the risks 
that are perhaps not too significant but impact both Oil and Shell. 
These are smaller variations in the prices could be the result of 
many factors including the operation of trading algorithms and 
the exploitation of arbitrage opportunities. 

The joint distribution of Table 1 captures this information with 
higher frequencies near the origin and lower frequencies at 
larger values. The lower frequencies in the top right hand corner 
of the table is evidience of systematic risk that impact both oil 
and Shell in a significant way. The lower frequencies at the top 
left hand side of the plot is evidence of specific risks that impact 
Shell but are not that significant to have influenced the variation 
in the price of Oil.  

 

Fig. 11. Joint variation in  sampled variance and outliers – Oil vs. Shell PLC 

 

j. Behavior of Returns and Rate of Return 

The time series of the returns and the rate of return exhibit 
behavior different from that of raw prices. The prices are also a 
direct measure of the demand and supply for a security whereas 
the returns are related to a growth or decline in the price of an 
instrument and depend on the interval of time over which it is 
estimated often measured in relation to an interest rate. 

 

Fig. 12. Commodity prices and risk –  Returns on closing prices - Oil 

The behavior of the prices as depicted in Figures 1 and 2 convey 
information about the level, trend and variation in the level and 
trend in the prices as a function of time. This information can be 
used to detect periods where those quantities change to a degree 
that may be considered outliers. 

The return or the rate of return convey information on the 
behavior of the rate of change in the prices. This behavior is 
presented in Figures 12 and 13. These quantities are distributed 
about a mean value of 1 and 0 as consecutive prices in a liquid 
stock differ by an amount characteristic of it.  The two quantities 
are also distributed differently from the distribution in the prices. 

 

Fig. 13. Commodity prices and risk –  Rate of return on closing prices - Oil 

 

III. OPTIMUM PORTFOLIOS 

A portfolio is a device that can be used to gain some measure 

of control over the risks related to investing in a market of 

instruments that behave in ways difficult to predict. The risk in 

this instance is a measure of the uncertainty in the value of the 

investment over a particular time horizon. The investment may 
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therefore be apportioned across a group of instruments to guard 

against reliance on the performance of a single instrument and 

also to reduce the variation in the value of the total investment 

over an interval in time. 

 

The portfolio optimization problem therefore is one of 

optimally allocating capital among a suitably chosen group of 

instruments so that the value of the investment can be estimated 

with greater certainty over an interval of time. This objective 

could be described as one by which to construct a portfolio in a 

way that its expected value or its return is maximised while 

minimising its variance or its risk. The portfolio is estimated 

over historical periods that are expected to resemble future 

conditions so that higher confidence can be placed on its future 

performance estimated at the present time. Thus, the portfolio 

may also reflect future conditions and prices estimated at the 

present time. 

 

A portfolio in this context consists of a weighted sum of 

instruments. Different optimization criteria can be used to 

allocate capital among the portfolio, a measure reflected in the 

portfolio weights. 

 

Thus, in one approach, capital may be allocated among a group 

of instruments that have been preselected. In another approach 

the portfolio may be constructed by considering individual 

contributions from the instruments that would comprise it. The 

contributions can be assessed in relation to the individual risk 

and returns associated with each instrument and also in relation 

to the risk and return that each instrument will contribute to the 

portfolio by its interactions with the other instruments when it 

is added.  
  

a. Minimum variance solution to an optimum portfolio 

The portfolio mean and variance depends on the statistical 

properties of the individual instruments incorporated and on the 

individual weights assigned to each instrument or the relative 

proportions of each instrument in the portfolio. 

 

The value (V) of a portfolio can be computed as the weighted 

sum of the constituent stocks of which there are N. The quantity 

or proportion of each stock in the portfolio is 𝑊𝑖. 

                          

 
                                                                                            (9) 

 

 

The expected value of the portfolio is given by equation (10) 

                            

 

                                                                                              (10) 

 

 

The variance of the portfolio is the variance of a sum of prices 

that in this context can be considered a weighted sum of random 

variables. 

 

                        
                                                                                          (11) 

 

 

 

 

Thus, the variance of the portfolio is comprised of the variances 

of the individual instruments and of the covariance’s between 

each pair of instruments as given by equations 11 and 12. The 

covariances represent the opportunity to diversify risk, where 

negative covariances reduce the overall risk of the portfolio.  

        

The variance is a convex function in 𝑊𝑖 with a global minimum.   

The minimum variance solution with respect to the portfolio 

weights can be obtained via equations 13 and 14. 

 

 

 
𝛿 𝑉𝑎𝑟(𝑉)

𝛿𝑊𝑖
 = 0                                                                              (13) 

 

 
𝛿 𝑉𝑎𝑟(𝑉)

𝛿𝑊1
= 2𝑊1𝑉𝑎𝑟{𝑃1} + 2 ∑ 𝑊𝑖𝐶𝑜𝑣(𝑁

𝑖=2 𝑃1 , 𝑃𝑖)                     (14) 

 

 

Equation 14 illustrates the derivative with respect to 𝑊1 resulting 

in the following system when all 𝑊𝑖 are considered  

 

2𝑊1𝑉𝑎𝑟{𝑃1} + 2𝑊2𝐶𝑜𝑣{𝑃1, 𝑃2}+. . . +2𝑊𝑁𝐶𝑜𝑣{𝑃1, 𝑃𝑁} = 0 
         

…………………..…… 

 

2𝑊𝑁𝑉𝑎𝑟{𝑃𝑁} + ⋯ +  2𝑊𝑁−1𝐶𝑜𝑣{𝑃𝑁−1, 𝑃𝑁} = 0 
 

                                                                    

This system may be solved by normalizing the weights to obtain 

a solution for the parameters that is independent of the weights. 

It can be solved by re-arranging the normalized terms as follows 

 

 

[
𝑉𝑎𝑟(𝑃1) … 𝐶𝑜𝑣(𝑃1, 𝑃𝑁)

… … …
𝐶𝑜𝑣(𝑃𝑁 , 𝑃1) … 𝑉𝑎𝑟(𝑃𝑁)

] [

1
…

𝑊𝑁

𝑊1

] = [
0
…
0

]                  (15) 

 

 

Let the solution represent                                                       (16) 

 

 

The corresponding portfolio mean given by equation (10) 

evaluated at  𝑊∗ provides the expected return at minimum risk 

 

𝑉 = ∑ 𝑊𝑖

𝑁

𝑖=1

𝑃𝑖  

𝐸{𝑉} = ∑ 𝑊𝑖

𝑁

𝑖=1

𝐸{𝑃𝑖} 

𝑉𝑎𝑟{𝑉} = ∑ 𝑊𝑖
2𝑉𝑎𝑟{𝑃𝑖}𝑁

𝑖=1 + ∑ 𝑊𝑖𝑊𝑗𝐶𝑜𝑣(∀𝑖,𝑗
𝑖≠𝑗

𝑃𝑖 , 𝑃𝑗)    (12) 

 𝑊∗ = [𝑊1
∗ …  𝑊𝑁

∗]   

𝑉𝑎𝑟{𝑉} = Var {∑ 𝑊𝑖

𝑁

𝑖=1

𝑃𝑖} 
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𝐸{𝑉∗} = ∑ 𝑊𝑖
∗𝑁

𝑖=1 𝐸{𝑃𝑖}                                              (17) 

 

Other combinations of minimum variance and corresponding 

mean may be obtained by an appropriate scaling of the optimum 

weights 𝑊∗.  

 

a. Decoupled mean and variance at minimum variance  

 

In the specific case of a portfolio of 3 instruments, the minimum 

variance solution can be determined as follows. 

 

The value of the portfolio and its expected value is respectively  

                                           

                                                                                              (18) 

 

 

                                                                                              (19) 

 

 

The variance of the portfolio takes the form  

 

 

 

 

 

                

 

                                                                                              (20) 

 

 

Differentiating the portfolio variance with respect to 𝑊𝑖  and 

setting to zero results in system of equations given by                        

                                    

                                                                                           (21) 

 

 

 

2𝑊1𝑉𝑎𝑟{𝑃1} + 2𝑊2𝐶𝑜𝑣{𝑃1, 𝑃2} + 2𝑊3𝐶𝑜𝑣{𝑃1 , 𝑃3} = 0     
 

 

2𝑊2𝑉𝑎𝑟{𝑃2} + 2𝑊1𝐶𝑜𝑣{𝑃1, 𝑃2} + 2𝑊3𝐶𝑜𝑣{𝑃2, 𝑃3} = 0     
 

 

2𝑊3𝑉𝑎𝑟{𝑃3} + 2𝑊1𝐶𝑜𝑣{𝑃1, 𝑃3} + 2𝑊2𝐶𝑜𝑣{𝑃2, 𝑃3} = 0     
 

                                                                         …………    (22) 

 

 

The above system in matrix form 

 

[

𝑉𝑎𝑟(𝑃1) 𝐶𝑜𝑣(𝑃1, 𝑃2) 𝐶𝑜𝑣(𝑃1, 𝑃3)

𝐶𝑜𝑣(𝑃1 , 𝑃2) 𝑉𝑎𝑟(𝑃2) 𝐶𝑜𝑣(𝑃2, 𝑃3)

𝐶𝑜𝑣(𝑃1 , 𝑃3) 𝐶𝑜𝑣(𝑃2, 𝑃3) 𝑉𝑎𝑟(𝑃3)

] [

𝑊1

𝑊2

𝑊3

] = [
0
0
0

]  (23) 

 

 

Normalizing by  𝑊1  and rearranging the equations  

 

[

𝐶𝑜𝑣(𝑃1 , 𝑃2) 𝐶𝑜𝑣(𝑃1, 𝑃3)

𝑉𝑎𝑟(𝑃2) 𝐶𝑜𝑣(𝑃2, 𝑃3)

𝐶𝑜𝑣(𝑃2𝑃3) 𝑉𝑎𝑟(𝑃3)

] [
𝑊2/𝑊1

𝑊3/𝑊1
] = − [

𝑉𝑎𝑟(𝑃1)

𝐶𝑜𝑣(𝑃1, 𝑃2)

𝐶𝑜𝑣(𝑃1, 𝑃3)

]                         

                                                   

                                                                           ………...   (24) 

 

The minimum variance solution for the portfolio weights is then 

the inverse of the system given by (24) resulting in an optimum  
                             

                                                                         (25)                              

 

The minimum variance solution with respect to portfolio 

weights depend on the variances of each instrument and on the 

covariances between. This solution is independent of the 

weights. The corresponding portfolio mean is estimated from the 

minimum variance solution estimated for the portfolio weights.  
 

The portfolio variance and its corresponding mean is decoupled 
at this minimum variance solution. Thus, other combinations of 
risk and return may be obtained that reflect this optimum risk vs. 
return combination by scaling the weights in proportion. No 
constraints are placed on the parameters in this solution. 

b. Sensitivity of portfolio mean and variance to its weights  

 

The means, variances and covariances of the instruments that 
comprise a portfolio can be considered fixed in the context of a 
portfolio optimization problem. The portfolio weights are then 
variables that determine its variance and mean or its risk and 
return as a function of the individual mean, variances and 
pairwise covariances of the instruments that comprise it.  

This mean and variance of a portfolio is also a position in the 
space spanned by the portfolio weights as depicted in Figure 14 
for the case of two instruments. 

This figure depicts the sensitivity of the portfolio mean and 
variance to it’s weights. The sensitivity of the portfolio variance 
to its mean is related through the sensitivity of the variance to its 
weights and by the sensitivity of the mean to its weights. 

𝑉 =  𝑊1𝑃1 +   𝑊2𝑃2 +  𝑊3𝑃3   

𝑉𝑎𝑟{𝑉} =  𝑊1
2𝑉𝑎𝑟{𝑃1} +  𝑊2

2𝑉𝑎𝑟{𝑃2} + 𝑊3
2 𝑉𝑎𝑟{𝑃3} + ... 

𝐸{𝑉} =  𝑊1𝐸{𝑃1} +   𝑊2𝐸{𝑃2} +  𝑊3𝐸{𝑃3}   

2𝑊2𝑊3𝐶𝑜𝑣{𝑃2, 𝑃3}  

 𝑊∗ = [𝑊1
∗ …  𝑊𝑁

∗]   

  
𝛿 𝑉𝑎𝑟(𝑉)

𝛿𝑊𝑖
= 0 

2𝑊1𝑊2𝐶𝑜𝑣{𝑃1, 𝑃2} + 2𝑊1𝑊3𝐶𝑜𝑣{𝑃1, 𝑃3} + ⋯  
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Fig. 14. Sensitivity of portfolio mean and variance to portfolio weights 

The mean, variances and pairwise covariances of the individual 
instruments can be re-estimated from time to time as conditions 
and statistics change and the portfolio re-optimised to desired 
optimality criteria. 

For example, the sensitivity in the portfolio variance to a change 
in one of its weights (𝑊1) is given by 

                                                                                                                                    

                                                                                                (26)                                                                                                   

                                                                                  

The change in the portfolio weights is  ∆𝑊 given by 

 

                                                                                                 

 

The corresponding mean and variance at each point is 
respectively 

                                                                                                (27) 

 

                                                                                                (28)   

 

 

 

 

                                                                          ……………. (30) 

 

The change in the portfolio variance and mean with respect to a 
change in its weights is then respectively 

 

                                                                                               (31) 

 

                                                                                               (32) 

 

c. Sentivity of the portfolio variance to its mean  

The sensitivity in the portfolio variance 𝜎𝑝
2(𝑤) with respect to 

its mean 𝜇𝑝(𝑤) can be determined as the product between the 

rate of change in the variance with respect to its weights and the 

inverse of the rate of change of the mean with respect to the 

same weights as depicted in equation 33.  

 

 

 

                                                                                             (33) 

 

 

 

This relationship is used minimize the portfolio variance with 

respect to its mean or to determine the portfolio return at 

minimum risk. This is also equivalent to maximizing the mean 

with respect to its variance or the return to its risk.  

 

 

                                                                                        

                                                                                               (34) 

 

 

 

 

Thus, the minimum risk solution with respect to portfolio return 

is inversely related to the maximum return with respect to 

minimum risk as given by equation (34). 

                                                                

Let the portfolio weights be a vector of the form 

 

 

 

The portfolio mean is then given by 

 

 

                                                                                              (35)                                                                                        

 

 

 

𝜇𝑝,1(𝑤) =  𝑊1
1𝐸(𝑃1) +   𝑊2

1𝐸(𝑃2)   

𝜇𝑝,2(𝑤) =  𝑊1
2𝐸(𝑃1) +  𝑊2

2𝐸(𝑃2)   

𝜎𝑝,1
2 (𝑤) =  𝑊1

1𝑉𝑎𝑟{𝑃1} + 𝑊2
1𝑉𝑎𝑟{𝑃2} + 2𝑊1

1𝑊2
1𝐶𝑜𝑣{𝑃1, 𝑃2}                                         

……                                                                                 …. (29) 

 

𝜎𝑝,2
2 (𝑤) =  𝑊1

2𝑉𝑎𝑟{𝑃1} + 𝑊2
2𝑉𝑎𝑟{𝑃2} + 2𝑊1

2𝑊2
2𝐶𝑜𝑣{𝑃1, 𝑃2}   

∆𝜎𝑝
2 = 𝜎𝑝,2

2 (𝑤) −  𝜎𝑝,1
2 (𝑤)   

𝜇𝑝(𝑤) =  𝑊1𝐸(𝑃1) +   𝑊2𝐸(𝑃2) + ⋯ 

+  𝑊𝑁𝐸(𝑃𝑁)   

  𝑊 =  [𝑊1  𝑊2  … 𝑊𝑁] 

∆𝑊 =  [𝑊1
2 − 𝑊1

1, 𝑊2
2 − 𝑊2

1]  

 
𝛿𝜎𝑝

2(𝑤) 

𝛿𝑊1
= 2𝑊1𝑉𝑎𝑟{𝑃1} + 2𝑊2𝐶𝑜𝑣{𝑃1, 𝑃2}  

 
𝛿𝜎𝑝

2(𝑤) 

𝛿𝜇𝑝(𝑤)
=  

𝛿𝜎𝑝
2(𝑤) 

𝛿𝑊
  

𝛿𝑊

𝛿𝜇𝑝(𝑤)
 

 

 
𝛿𝜇𝑝(𝑤) 

𝛿𝜎𝑝
2(𝑤)

     =    
1

𝛿𝜎𝑝
2(𝑤) 

𝛿𝜇𝑝(𝑤)

 

 

∆𝜇𝑝 =  𝜇𝑝,2(𝑤) −  𝜇𝑝,1(𝑤)   
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The portfolio variance is then 

 

                                                                                              (36) 

 

 

 

The rate of change in the portfolio variance with respect to its 

mean is given by equation 37. 

 

 

 

                                                                                              (37)     

 

This rate of change is minimum when the risk is minimised with 

respect to the mean and forms another solution to an optimum 

portfolio. Conversely, at this solution the return is maximised 

with respect to risk. No constraints are placed on the portfolio 

weights in this particular solution.  

 

d. Sensitity of risk to return with dependent weights 

 

In this example the portfolio is constructed as a weighted sum 

of the two prices. The weights are normalized to sum to one.   

The sensitivity of the portfolio variance with respect to its mean 

is a function of its weights. A portfolio with two instruments 

illustrates the case.  

 

The value of the portfolio then depends on one free parameter         

                                                                                             

                                                                                              (38) 

 

 

Its expected value is 

                                                                                              (39) 

 

 

The variance of the portfolio takes the form  

 

 

 

                                                                                             (40)             

                                                                                               

Sensitivity of the portfolio variance to its mean  

 

 

                                                                                              (41) 

 

 

                                                                                                                                                              

Sensitivity of portfolio variance to its weights 

 

 

                                                                                              

                                                                                    

 

                                                                                              (42) 

 

 

Sensitivity of the portfolio mean to weights is 

 

 

 

                                                                                              (43) 

 

Sensitivity of portfolio variance to its mean  

 

 

 

                                                                                              (44) 

 

 

 

The weights at the minimum variance solution with respect to 

portfolio weights is equivalent to the weights at the minimum 

variance solution with respect to its mean. The equivalent 

inverse relationship provides the corresponding optimum 

portfolio that maximizes the return with respect to the risk. The 

minimum variance solution with respect to its mean is obtained 

by setting equation (44) to zero to obtain equations 45 and 46. 

 

 

                                                                                              (45) 

                                                        

 

 

 

 

                                                                                              (46) 

 

 

Two instruments Sprint and American Airlines uncorrelated in 

the prices with correlation coefficient -0.24 are selected to 

illustrate the principle. Tables 2 – 4 present descriptive statistics 

relating to the two instruments. The portfolio is constructed as 

the weighted sum of the two prices as given by equation (38).   

The optimum weights obtained via equations (45) and (46) are 

in this context given by   [𝑊1  𝑊1] = [0.84   0.16]  . The 

corresponding portfolio mean and variance is 10.87 and 2.87. 

 

Table 2: Instruments and characteristics 

Instrument  Mean Variance 

Sprint  5.70 3.90 

AAL  38.74 32.76 

Sprint + AAL  44.44 31.29 

 

 

Table 3: Covariance’s and diversification of risk 

Instrument Sprint AAL Sprint + AAL 

Sprint 3.90 -2.69 1.21 

AAL -2.69 32.76 30.07 

Sprint + AAL 1.21 30.07 31.29 

 

𝜎𝑝
2(𝑤) = ∑ 𝑊𝑖𝑉𝑎𝑟{𝑃𝑖}

𝑁

𝑖=1

+ ∑ 𝑊𝑖𝑊𝑗𝐶𝑜𝑣(
∀𝑖,𝑗
𝑖≠𝑗

𝑃𝑖 , 𝑃𝑗)  

𝛿𝜎𝑝
2(𝑤) 

𝛿𝜇𝑝(𝑤)
=  ∑

2𝑊𝑖𝑉𝑎𝑟(𝑃𝑖) + ∑ 𝑊𝑗𝐶𝑜𝑣(𝑃𝑖 , 𝑃𝑗
∀𝑗,𝑗≠𝑖 )

𝐸(𝑃𝑖)

𝑁

𝑖=1

 

   

𝑉(𝑤) =  (1 − 𝑊2)𝑃1 +   𝑊2𝑃2   

𝜇𝑝(w) =  (1 − 𝑊2)𝐸{𝑃1} +   𝑊2𝐸{𝑃2}   

 
𝛿𝜎𝑝

2(𝑤) 

𝛿𝜇𝑝(𝑤)
=  

𝛿𝜎𝑝
2(𝑤) 

𝛿𝑊2
  

𝛿𝑊2

𝛿𝜇𝑝(𝑤)
 

 

 
𝛿𝜎𝑝

2(𝑤)

𝛿𝜇𝑝(𝑤)
=

 
𝛿𝜎𝑝

2(𝑤) 
𝛿𝑊2

𝐸{𝑃2} − 𝐸{𝑃1}
 

 
 
 

 𝑊2 =
𝑉𝑎𝑟{𝑃1} −  𝐶𝑜𝑣{𝑃1, 𝑃2} 

𝑉𝑎𝑟{𝑃1} +  𝑉𝑎𝑟{𝑃2} − 2𝐶𝑜𝑣{𝑃1, 𝑃2}
 

 𝑊1 =
𝑉𝑎𝑟{𝑃2} −  𝐶𝑜𝑣{𝑃1, 𝑃2} 

𝑉𝑎𝑟{𝑃1} +  𝑉𝑎𝑟{𝑃2} − 2𝐶𝑜𝑣{𝑃1, 𝑃2}
 

 
𝛿𝜎𝑝

2(𝑤) 

𝛿𝑊2

= −2 𝑉𝑎𝑟{𝑃1} + 2𝑊2𝑉𝑎𝑟{𝑃1} + 2𝑊2𝑉𝑎𝑟{𝑃2} …. 

 

 
𝛿𝜇𝑝(𝑤)

𝛿𝑊2
=  𝐸{𝑃2}𝐸{𝑃1}  

𝐸{𝑃1}  

𝜎𝑝
2(𝑤) = (1 − 𝑊2)2𝑉𝑎𝑟{𝑃1} + 𝑊2

2𝑉𝑎𝑟{𝑃2} … 

+  2(1 − 𝑊2)𝑊2𝐶𝑜𝑣{𝑃1, 𝑃2}       

+2 𝐶𝑜𝑣{𝑃1, 𝑃2} − 4𝑊2𝐶𝑜𝑣{𝑃1 , 𝑃2}  
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Table 4: Correlations and diversification of risk 

Instrument  Sprint AAL Sprint + AAL 

Sprint  1.00 -0.24 0.11 

AAL -0.24 1.00 0.94 

Sprint + ALL 0.11 0.94 1.00 

 

The prices of the securities that comprise the portfolio depicted 

in Figure 15 is sampled over a moving window of length 30 

samples with overlap 29. The variation in the local mean and 

the local variance can be estimated through this moving 

window and the corresponding cumulative distributions are 

depicted in Figures 16 and 17 respectively. 

 

 
Fig. 15. Time series of prices of the instruments and portfolio 

A portfolio is efficient when the best possible return is obtained 

for a given level of risk. The Markovitz efficient frontier depicts 

this trade-off between the portfolio mean and portfolio variance 

[1]. The corresponding bound establishes the largest portfolio 

mean achievable at a particular level of variance.  This 

behaviour in the portfolio variance as a function of its mean can 

also be studied as the rate of change in the portfolio variance 

with respect to its mean. In this view the portfolio risk or its 

variance may then be minimized with respect to its mean or its 

return and a set of parameters estimated that meet this 

optimization criteria. 

 
Fig. 16. Variation in the local mean in the prices 

 
Fig. 17. Variation in the local variance in the prices 

Figure 18 depicts this relationship between the portfolio 

variance as a function of its mean. This tradeoff can be used to 

determine the minimum portfolio risk as a function of its return. 

The rate of change in the variance as function of its mean is 

given by equation (47) that can then be used to optimize the 

portfolio risk with respect to its weights and also with respect 

to its mean. 

 

 

                                                                                             

                                                                                             (47)  

 

Tables 2 - 4 depict the impact of diversification where the 

portfolio risk is lower than the individual risks associated with 

the instruments that comprise it. The expected values add 

however, resulting in a higher return at a lower overall risk.  

 

The sensitivity of the portfolio variance to its mean can be 

analysed in relation to Figure 20 where incremental changes in 
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𝛿𝜇𝑝(𝑤) 

𝛿𝜎𝑝
2(𝑤)

=  
𝛿𝜇𝑝(𝑤)

𝛿𝑊1

  
𝛿𝑊1

𝛿𝜎𝑝
2(𝑤)

+
𝛿𝜇𝑝(𝑤) 

𝛿𝑊2

  
𝛿𝑊2

𝛿𝜎𝑝
2(𝑤)
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the portfolio weights in the direction of decreasing portfolio 

variance could lead to a solution where the variance is 

minimised with respect to its mean. 

 

This incremental change in the variance could also be measured 

in relation to the incremental change in the mean. Both changes 

in the mean and variance are in this case the result of a change 

in portfolio weights made in the direction of decreasing 

variance.  

 

The relationship between portfolio risk and return may also be 

depicted as a function of the portfolio weights as in Figure 20. 

The space of possible solutions for this trajectory lie on the path 

where the variance decreases with respect to the mean. This rate 

of decrease is measured in relation to all free directions that are 

available for the weights to move in, as in the case of a portfolio 

of two instruments depicted in Figure 20. 

                                                       

 
Fig. 18. Risk as function of return 

 

 
Fig. 19. Sentisitivity of portfolio mean and variance to its weights 

The gradient or the derivative of the portfolio variance with 

respect to its mean provides the means to estimate the stationary 

points in the change in the variance with respect to its mean in 

all directions established by the weights. The weights that 

define the stationary points of the derivative of the variance 

with respect to the mean is equal to the weights that define the 

stationary points of the variance with respect to the weights. 

 

The variance parameterized by the weights may represent a 

complex surface depending on the composition of the portfolio 

and adaptive methods may also be employed in the search for 

an optimum. 

 

The behaviour of the gradient can be used to estimate the 

stationary points numerically for each combination of weights. 

It could also be solved analytically via the system of equations 

that result by setting equation 47 to zero. 

 
 

Fig. 20. Solution space for an optimum portfolio 

 

e. Solution space of risk vs. return for three instruments 

An example with three instruments illustrates the solution space 

for an optimum portfolio. Portfolio weight combinations are 

chosen that sum to one. In such a scenario, one parameter is 

determined as a combination of the other two. Each of the two 

free parameters are chosen independently of the other from the 

range [-05, 1] so that the three sum to one. 
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The instruments chosen and the portfolio constructed as the 

weighted sum have the mean and variances given in Table 5. 

The pairwise covariances and the pairwise correlations between 

the individual instruments and with the portfolio is given in 

Tables 6 and 7 respectively. 

  

Table 5: Instruments and characteristics 

Security Mean Variance 

Sprint 5.70 3.90 

AAL 38.74 32.76 

ATT 27.55 11.15 

Portfolio 71.99 34.32 

 

 
Table 6: Covariance Matrix  

Instrument  Sprint AAL ATT Portfolio 

Sprint 3.90 -2.69 -0.89 0.33 

AAL -2.69 32.76 -3.17 26.91 

AAT -0.89 -3.17 11.15 7.09 

Portfolio 0.33 26.91 7.09 34.32 

 

 
Table 7: Correlation Matrix 

Instrument  Sprint AAL ATT Portfolio 

Sprint 1.00 -0.24 -0.13 0.03 

AAL -0.24 1.00 -0.17 0.80 

AAT -0.13 -0.17 1.00 0.36 

Portfolio 0.03 0.80 0.36 1.00 

 

 

The possible mean and variance combinations in such a 

portfolio of three instruments with weights selected as above is 

depicted in figure 22. The patterns observed in a portfolio of 

two securities observed in Figure 18 are also evident in this case, 

as a combination of three securities may also be expressed as a 

range of combinations of a pair of securities, where one 

parameter is dependent on the other two.  

 

Thus, numerous minima in the variance with respect to the 

mean are evidence of different risk vs. return combinations 

resulting from different portfolio combinations made using two 

free parameters. The optimum weight combination given by 

equation 48 is obtained by setting equation 47 to zero. 

 

 
Fig. 21. Time series of prices and of the portfolio comprising 3 instruments 

 
 

Fig. 22. Solution space for portfolio mean and variance combinations  

 

 𝑊∗ = [𝑤1  𝑤2  𝑤3] = [0.63  0.13  0.24]                       (48)                                                                                                                                                          

 

Mean and Variance at  𝑊∗ = [15.52, 1.84]                     (49) 

 

Table 8: Gradient of variance with respect to mean  

 
𝑤1 𝑤2 𝑤3 

𝛿𝜎𝑝
2(𝑤) 

𝛿𝜇𝑝,𝑤2
(𝑤)

 
𝛿𝜎𝑝

2(𝑤) 

𝛿𝜇𝑝,𝑤3
(𝑤)

 
𝛿𝜎𝑝

2(𝑤) 

𝛿𝜇𝑝(𝑤)
 

0.70 0.25 0.05 0.250 -0.263 -0.013 

0.60 0.10 0.30 -0.066 0.063 -0.003 

0.65 0.20 0.15 0.149 -0.129 0.020 

0.55 0.05 0.40 -0.167 0.197 0.030 

0.60 0.15 0.25 0.048 0.006 0.054 

0.65 0.25 0.10 0.263 -0.186 0.077 

0.55 0.10 0.35 -0.053 0.140 0.087 

0.60 0.20 0.20 0.162 -0.052 0.111 

 
Table 9: Portfolio mean and variance evaluated at the portfolio weights 
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𝑤1 𝑤2 𝑤3 ∑ 𝑤𝑖 𝜇𝑝(w) 𝜎𝑝
2(𝑤) 

0.70 0.25 0.05 1 14.892 3.019 

0.60 0.10 0.30 1 14.493 1.410 

0.65 0.20 0.15 1 15.035 2.261 

0.55 0.05 0.40 1 14.645 1.115 

0.60 0.15 0.25 1 15.176 1.658 

0.65 0.25 0.10 1 15.773 2.823 

0.55 0.10 0.35 1 15.450 1.213 

0.60 0.20 0.20 1 15.898 2.070 

 

The optimum portfolio in relation to achieving the best risk to 

return combination can be obtained by observing the variation 

in the rate of change in the variance with respect to rate of 

change in the mean along each of the two free directions and 

the resultant of the changes in both directions.  

 

The convergence to the optimum solution however depends on 

the behavior of the surface representing variance and the hyper 

plane representing the portfolio mean. The behavior of the 

derivative captures the movement of the weights in the direction 

of minimum variance with respect to the mean. At the minimum 

variance solution with respect to the mean the derivative of the 

variance with respect to the mean in all free directions is 

minimized. This criterion also provides the means to detect this 

optimal solution. 

 

Tables (8) and (9) provide the rates of change in the variance 

and of the resultant change along the two free directions w2 and 

w3. Different solutions exist for a minimum variance solution 

depending on the constraints enforced on the weights. The 

combination given by (48) corresponds to the analytical 

solution satisfying the condition that all parameters are greater 

than zero and at the same time sum to one. The closest 

numerical solution is in bold in Tables 8 and 9.  

 

f. An optimal portfolio via an instrument selection strategy 

A portfolio may also be created by selecting instruments 

individually to satisfy certain criteria with respect to individual 

risk, return and of the portfolio and by the ability to diversify or 

reduce portfolio risk. 

 

The selection criteria may include: 

 

i. The risk and return associated with an individual 

instrument given by its variance and its expected value. 

 

ii. The contribution to the total risk and return of the 

portfolio that includes the contribution from the 

covariance’s with other instruments that comprise the 

portfolio 

 

iii. The ability to diversify risk or the ability to reduce the 

variance of the portfolio with uncorrelated instruments. 

 

Once selected the minimum variance portfolio configuration 

can be estimated. This optimum configuration with respect to 

risk and corresponding return can be used to allocate a certain 

amount of capital among the assets. The portfolio may be 

rebalanced from time to time depending on changing conditions. 
 

IV. PROFIT OR LOSS PROBABIITY  

The uncertainty associated with forecasting a future price 

gives rise to the risk associated with using such an estimate. The 

estimated future price also determines the expected profit or 

loss at that future date. Forecasts of the future prices depends 

on the model that is employed, and it is common to model the 

prices as a random walk as discussed in section IIB. The 

parameters of such a random walk are estimated from historical 

prices. The time interval over which the parameters of the 

model are estimated should be representative of the time 

periods over which the model is to be used to forecast prices. 

A. Estimating the random process underlying prices 

The first differences in the prices are calculated with respect 

to the stocks depicted in Figure 21 for the share prices of Sprint, 

American Airlines and ATT and through it the distributions of 

the random variable underlying each time series. The 

cumulative distributions of the random variables so estimated 

are depicted in Figure 23. These distributions are of an 

indeterminate nature and are estimated from historical data and 

depend on the interval of time over which the random process 

is estimated.  

 

 
Fig. 23. Random Process underying the prices 

The portfolio is thus a sum of prices of the stocks that constitute 

it. The random variable underlying the value of the portfolio is 

also a sum of random variables. Each random variable in the 

sum estimated as the first difference of each of the prices of the 

stocks that comprise the portfolio. This sum of first differences 

is also another random variable that can be used to simulate new 

realizations of the portfolio in way that is consistent with its 

historical behaviour.  
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This difference in prices measured an interval 1 day apart is also 

the actual profit or loss observed in the past with respect to that 

instrument corresponding to that interval. This is consistent 

with formulas (50) and (51) that forecast a price N steps in the 

future as a sum of random variables. Each random variable a 

difference in consecutive prices estimated from price 

differences observed over suitable periods in the past.   

 

 

                                                                                              (50) 

 

 

 

                                                                                              (51) 

 

 

The expected value and variance of this random variable 𝑋𝑛 is 

estimated from historical data as defined by equations 5 and 6 

which can then be used to forecast the expected value and 

variance of a difference in prices or a potential profit or loss via 

equations 7 and 8. 

 

This model preserves to a great degree the correlation in time 

of the prices that comprise the portfolio. Each movement in the 

value of the portfolio is the result of the cumulative effect of the 

individual price movements of each security that comprise the 

portfolio. The correlation in time can be better preserved by 

estimating the underlying random variables over shorter time 

scales depending on statistical stationarity or forecasting them 

according to the formulas developed in section IIB. 

 

A number of realizations for the prices are simulated by a 

drawing a series of random variables from the process estimated 

for the prices of the portfolio. The results are depicted in Figure 

24. In this case the entire time series of prices was used to 

estimate the distribution of the random variable underlying. 

Thus this particular solution may not be sensitive to local 

conditions but reflect overall trends in the period of estimation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 24. Simulated realizations of the portfolio 

Each realization is an estimate of the path that future prices may 

take and is consistent with behaviour observed in the past for 

the value of the portfolio. Each realization has the same 

distribution in the first differences but may display widely 

different statistics with respect to maxima, minima and central 

tendency. Table 9 provides statistics on the portfolio and five 

simulated paths that show potential variations that may 

manifest along simulated paths in line with historical behaviour. 

 
Table 9: Diversity in the characteristics of portfolio and realizations 

Realization Maximum Minimum Median Mean Variance 

Portfolio 92.76 57.88 71.76 71.99 34.32 

R1 83.83 35.80 58.00 59.55 143.66 

R2 120.89 51.68 97.28 93.92 378.31 

R3 100.82 58.40 83.21 82.12 105.28 

R4 130.05 52.62 105.01 96.19 542.09 

R5 95.16 53.47 68.19 72.03 113.49 

 

Each realization of the simulated price as depicted in Figure 24 

also offers an opportunity to measure the difference in price 

over an interval. This is the potential profit or loss associated 

with a difference in the prices observed over an interval of time 

on a simulated path. Five such realizations or paths depicted in 

Figure 25 provides insights into the variation in price 

differences that may be observed consistent with historical 

behaviour observed for the portfolio. These distributions of 

profit and loss over 10 days which in fact price differences 10 

days apart are also largely similar even though the individual 

paths may take widely different values. The random process 

underlying each path for the simulated portfolio is thus similar. 

 

 
Fig. 25. Distribution of profit and loss over simulated paths 

The collection of the realizations depicted in Figure 24 together 

form the random process for the simulated portfolio. In another 

view, the difference in price can be calculated as a difference 

between two average prices an interval apart. Each average is 

computed as the expectation across the realizations of the 
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random process. This distribution of a difference in average 

prices 10 days apart is depicted in Figure 26. 

 

 
Fig. 26. Distribution of profit and loss as a differnce of average prices  

B. Distribution of the probability of profilt or loss 

Figure 27 presents the distribution in the profit or loss that was 

observed over an interval of 10 days apart for each of the 

securities and of the portfolio. This distribution in the 

differences in price is also equivalent to the distribution of a 

random variable that measures the profit or loss over that 

interval for the portfolio. This random variable can be used to 

characterize the prices and the processes observed historically 

and also be used to simulate future scenarios and forecast both 

the near and long term. 

 

The profit or loss for the portfolio in this case is determined as 

the sum of the individual profits or losses observed for each of 

the securities in the portfolio. In this example the securities are 

not weighted but correspond to the original time series depicted 

in Figure 21. A portfolio optimized with respect to mean and 

variance could also be used to determine the potential profit and 

loss over an interval as the difference in the portfolio value over 

that time interval. A portfolio constructed as a collection of 

forecasted prices may also be used. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 27. Distribution of profit and loss over the historical series  

V. MAIN CONTRIBUTIONS OF THE PAPER 

The paper examines risk in several contexts and provides 

solutions to a number of problems commonly encountered in 

the capital market. Among them a method to quantify the risk 

associated with managing expectations related to future 

quantities in uncertainty, determining an optimum capital 

allocation to suit an optimal tradeoff between risk and return in 

a portfolio of instruments and with estimating the probability 

distribution of the profit or loss associated with an instrument 

and of a portfolio measured over a particular time horizon.  

 

A new measure to quantify the risk associated with managing 

expectations related to future quantities is validated with 

respect to the variation in the prices. The variation is sampled 

over a moving window of a fixed number of samples for a more 

consistent estimate of the variation in the variance. Sampling 

the variance over a fixed number of samples eliminates 

sensitivity in the measurement to the time dependence or 

activity levels in the trading that produce widely different 

numbers of samples in a particular time interval. 

 

The variation in the variance of the prices can be used to 

quantify the magnitude of each risk and its persistence. The 

risks may also be classified as systematic or specific by the joint 

distribution in the local variances estimated over a pair of 

instruments one representing an industry and the other an 

organization. 

 

A new perspective to an optimized portfolio is also provided 

where an optimal allocation of capital is made on the basis of 

an optimal tradeoff between risk and return. This optimum is 

estimated on the characteristics of the constituent instruments 

and is independent of the portfolio weights. 

 

The equivalence between the minimum variance portfolio with 

respect to the portfolio mean and also with respect to the 

portfolio weights is shown to be equivalent to the solution that 

maximizes portfolio return with respect to risk.  

 

It is also established that at this point the portfolio variance or 

its risk is decoupled from its mean or its return. Thus, different 

total amounts of capital can be allocated in proportions that 

correspond to the optimized weights while maintaining the 

optimum tradeoff between risk and return. 

 

In another contribution, the risk associated with a change in 

prices is quantified in relation to the magnitude of the expected 

change and its probability. The results are consistent with 

historical data as the random variable between successive prices 

is used to simulate future scenarios in a Monte-Carlo model. 

VI. CONCLUSIONS  

The paper introduced and validated a new perspective on risk 
where the local variation in prices was used to detect and 
distinguish between systematic and specific risks. 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
CDF: Simulated Process - N Step Profit / Loss

E(Pn+N) - E(Pn)

C
u
m

u
m

la
ti
v
e
 P

ro
b
a
b
ili

ty

 

 

Portfolio: Sprint + AAL + ATT

-6 -4 -2 0 2 4 6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
CDF: Actual Process - N Step Profit / Loss

Pn+N - Pn

C
u
m

u
m

la
ti
v
e
 P

ro
b
a
b
ili

ty

 

 

Sprint: S

American Airlines: AAL

ATT

Portfolio: Sprint + AAL + ATT



 

Annual Conference 2020 - IET- Sri Lanka Network 

 

18 

 

An analytical solution to the mean vs. variance portfolio 
optimization problem or to the efficient frontier was derived. 
This optimum was established as the minimum variance solution 
with respect to portfolio mean. 

The risk associated with respect to a potential profit or loss was 
quantified in relation to the magnitude of the change in prices 
and its probability. 

A more robust approach to risk and its management is expected 
with the insights made possible through this modeling and 
analysis. 
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